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THE CREPANT TRANSFORMATION CONJECTURE IMPLIES THE 

MONODROMY CONJECTURE 

YUNFENG JIANG AND HSIAN-HUA TSENG 


Abstract. In this note we prove that the crepant transformation conjecture for a 
crepant birational transformation of Lawrence toric DM stacks studied in |9] im¬ 
plies the monodromy conjecture for the associated wall crossing of the symplectic 
resolutions of liypertoric stacks, due to Braverman, Maulik and Okounkov. 


1. Introduction 

Let X\ , X -2 be two birationally equivalent smooth symplectic Deligne-Mumford (DM) 
stacks, which are symplectic resolutions of a singular symplectic stack. Suppose by mir¬ 
ror symmetry they correspond to the two large radius points 0, oo in the compactified 
Kahler moduli space M. The derived categories of X\ and X 2 are expected to be 
equivalent: 

D b (X\) = D b (X 2 ). 

This equivalence can be given by a choice of path from 0 to 00 and thus gives a map 

p : tt^M) ^ Aut(D b (Xi)). 

Also this map p is considered as a map in the level of K-theory 

p : if!(M) -A Aut(A'°(Aj)), 

where K°(Xi ) are the Grothendieck JY-group of X{. The monodromy conjecture for 
symplectic resolutions was formulated by Braverman-Maulik-Okounkov in [5], and it 
can be stated as follows: the monodromy of the quantum connection y for 2Q is the 
same as the above monodromy given by the equivalence in the K-theory. In the case of 
Hilbert scheme of points on the plane, in [2] Bezrukavnikov and Okounkov have proved 
that the monodromy of the quantum differential equation is isomorphic to p in the 
level of K-theory. 

There are several candidates for the birationally equivalent smooth symplectic DM 
stacks. For example, stratified Mukai flops in m is], f!8j : and Mukai type flops of 
Nakajima quiver varieties [20]. In this paper we prove the conjecture for the crepant 
birational transformation of hypertoric DM stacks given by the wall crossing induced 
by a single wall crossing of the associated Lawrence toric DM stacks. 

From [9j, a single wall crossing of Lawrence toric DM stacks is given by varying 
stability conditions in the GIT construction of the Lawrence toric DM stacks. There is 
a one-to-one correspondence between the GIT data of Lawrence toric DM stacks and 
the extended Lawrence stacky fans in |14j . The wall crossing of hypertoric DM stacks 
is also given by varying the stability conditions in the GIT construction. Generalizing 
the construction in [9], we introduce the extended stacky hyperplane arrangements and 
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define the hypertoric DM stacks associated with them. It turns out that the hypertoric 
DM stack associated with the extended stacky hyperplane arrangement is isomorphic 
to the hypertoric DM stack associated with the underlying stacky hyperplane arrange¬ 
ment, see H2.21 and there is a one-to-one correspondence between the GIT data and 
the extended stacky hyperplane arrangements. Hence the wall crossing of hypertoric 
DM stacks gives the Mukai type flops. 

Let X + --■» X _ be a crepant birational map between two smooth Lawrence toric 
DM stacks given by a single wall crossing in [9] • They are derived equivalent, and 
the equivalence is given by the Fourier-Mukai transformation, see [18] and [8]. In 
[9], the authors prove that the equivariant Fourier-Mukai transformation on the K- 
theory matches the analytic continuation of the /-function, hence matches the analytic 
continuation of the quantum connections which are determined by the /-function. Thus 
the genus zero crepant transformation conjecture due to Y. Ruan [21] is proved. The 
wall crossing X + ---> Y_ implies that the associated birational transformation Y + ---> 
Y_ for the hypertoric DM stacks is crepant. The derived categories of Y + and Y_ 
are equivalent, and the Fourier-Mukai functor gives such an equivalence. We prove 
that the Fourier-Mukai transformation matches the analytic continuation of quantum 
connections of the hypertoric DM stacks, which is induced by the analytic continuation 
of the associated Lawrence toric DM stacks, see Theorem 14.21 

Crepant birational transformation of hypertoric DM stacks is the local model of 
stratified Mukai type flops for general symplectic DM stacks. The authors in 
[18] have proved that their derived categories are equivalent, and the kernel is also 
given by the Fourier-Mukai transformation. The construction and calculation in this 
paper will play a role in the study for general Mukai type flops by degeneration method 
to the local models. 

The paper is outlined as follows. In ]}2] we study the GIT data of hypertoric DM 
stacks and construct the wall crossing. In [}3]we calculate the Fourier-Mukai transfor¬ 
mation for the wall crossing of the hypertoric DM stacks; and in [2] we talk about the 
analytic continuation and prove the monodromy conjecture. 

Conventions. In this paper we work entirely algebraically over the field of complex 
numbers. (Quantum ) cohomology and //-theory groups are taken with complex co¬ 
efficients. We refer to [3] for the construction of Gale dual /3 V : Z m —> DG(/3) from 
f3 : Z m —>• N. We denote by N —> N the natural map modulo torsion. For a positive 
integer m, we use [m] to represent the set {1, ■ • • , m}. 

Acknowledgments. The authors would like to thank D. Edidin, N. Proudfoot and 
M. MacBreen for the correspondence of symplectic resolution and K-theory of hyper¬ 
toric DM stacks. Y. J. especially thanks Gufang Zhao to draw his attention to the 
MIT-Northeastern seminar series on quantum cohomology, geometric representation 
theory and the monodromy conjecture. Both authors are partially supported by Si¬ 
mons Foundation. 

2. Wall crossing of Hypertoric Deligne-Mumford Stacks 

In this section we prove that the single wall crossing of Lawrence toric DM stacks 
in sense of [12 §5] gives rise to a wall crossing of hypertoric DM stacks. 


CRC IMPLIES THE MONODROMY CONJECTURE 


3 


2.1. Lawrence toric DM stacks and the GIT construction. 

Definition 2.1. An S-extended Lawrence stacky fan is a quadruple Xl = 
(N L ,E L ,/3 L ,S), where: 

• Ni is a finitely generated abelian group (torsions allowed); 

• is a rational Lawrence simplicial fan in N ® R in sense of [13, §4]; 

• / 3: Z N —> N is a homomorphism; we write bi = fd^ef) £ N for the image of the 
zth standard basis vector e* £ 7L N , and write Ty for the image of bi in N ® R; 

• S C {1,..., N} is a subset, such that N = 2n + |S| for a nonnegative integer 
n. 

such that: 

• each one-dimensional cone of is spanned by bi for a unique i £ {1,... ,N}\S, 
and each bi with i £ {1,..., N} \ S spans a one-dimensional cone of El] 

• for * £ S, bi lies in the support |£i| of the fan. 

The vectors bi for i £ S are called the extended vectors. The Lawrence toric DM stack 
associated to an extended Lawrence stacky fan El depends only on the underlying 
Lawrence stacky fan and is defined as the quotient stack 

:= [U/K\, with U = C 2n \ V(/ S J x (C X )' 5 I, 

where Is L is the irrelevant ideal of the Lawrence fan El and K is a finitely generated 
abelian group, which acts on C N through the data of extended Lawrence stacky fan. 

We require that the extended Lawrence stacky fan El satisfies the following condi¬ 
tion: 

(Cl) the map (3: 7L N —> N is surjective. 

This condition can be always achieved by adding enough extended vectors. 

The Lawrence toric DM stack Xs L is semi-projective and has a torus fixed point, 
see [16]. We explain the GIT construction of X^, L from the extended Lawrence stacky 
fan = (N, /3l, S) satisfying (Cl). We define a free Z-module L by the exact 

sequence 

(2.1) 0-s- L- 9 - 7L n N--0 

and define K := L <8) C x . The dual of (12.11) is an exact sequence: 

(2.2) 0-9-N v -s- (Z Ar ) v L v 

and we define the character D, £ L v of K to be the image of the ith standard basis 
vector in (Z JV ) V under /3 V . We have 

(Z JV ) V “ (Z n ©Z n ) v ©Z |s| 

and 

{£>!,••• ,D n } = {Di, ■ ■ ■ , D n ,~ Lb,-- - ,-D n ,Di, - ■ ■ ,D| S |}. 

For I C {1, 2, • • • , N}, let aj denote the cone in N <gi R generated by bi for i £ L. Let 
/ be the complement of/c{l,2,-,A^}. Set 

A := {/ C {1,2, • • • , N} | S C I, <Jj is a cone of 'El} ■ 
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to be the collection of anticones. The stability condition 6 £ L v <g> R is taken to lie in 

riieA Z i’ where 

Z/ = { YjI&i a i D i | (Ji £ R, ai > 0} C L v ® R. 

The property of Lawrence toric fan S l ensures that this intersection is non-empty. We 
understand Z@ = {0}. Let 

A e = {l c{l,2,...,N}:9eZ I }. 

Then we check that Ag = A. Let 

U e = \J (C X Y x C 7 := (C x ) 7 X C 7 = {(z 1 , ■ ■ ■ ,z N ) £ C N | Zi ± 0 for i £ /}. 

The stability condition 6 satisfies the following assumptions: 

(Al) {1,2 ,..., iV} € Ag; 

(A2) for each I £ Ag, the set {D{ : i £ 1} spans L v <g) R over R. 

(Al) ensures that Xg is non-empty; (A2) ensures that Xg is a DM stack. Under these 
assumptions, Ag is closed under enlargement of sets; i.e., if / £ Ag and I C J then 
J £ Ag. The Lawrence toric DM stack is the quotient stack Xs L = Xg = [ Ug/K ]. The 
GIT data for Xy, l consists of 

• K = (C x ) r , a connected torus of rank r; 

• L = Hom(C x , K), the cocharacter lattice of K\ 

• D\,... , D n , —D\, ■ ■ ■ , —D n , D i, ■ ■ • , D|s| £ L v = Hom(/\, C x ), the characters 
of K: 

• stability condition 6 £ L v <g> R. 

Conversely, to obtain an extended Lawrence stacky fan from GIT data, consider the 
exact sequence (|2.1j) . Let 6* = /3(e*) £ N and bi £ N R be as above. The extended 
Lawrence stacky fan Hg = (N,Y*g, /3 l, S) corresponding to our data consists of the 
group N and the map /3l defined above, together with a fan T*g in N 0 R and S given 
by 

= {oy : I £ Ag}, S = {i £ {1,... , N} : {i} £ Ag}. 

The quotient construction in [14( §2] coincides with the GIT quotient construction, and 
therefore Xg is the Lawrence toric DM stack corresponding to £g. 

2.2. Hypertoric DM stacks and the GIT data. We give the GIT construction 
of hypertoric DM stacks. The GIT data of the hypertoric DM stack is useful for the 
construction of the wall crossing. We introduce the notion of extended stacky hyperplane 
arrangements and define the corresponding hypertoric DM stacks. We prove that there 
is a one-to-one correspondence between the GIT data of the hypertoric DM stacks and 
the extended stacky hyperplane arrangements, generalizing the idea in 112.11 

Definition 2.2. An extended stacky hyperplane arrangement 21 = (N ,(3,6,S) consists 
of the following data: 

• N is a finitely generated abelian group; 

• /3 : Z m —> N is a map. Also we write bi = /3(ej), the image of the standard 
generator e% of Z m ; 
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• Sc [m] and let n := m— |5|, then (3 ied : Z n —> N determined by {b. L \i G [rn] \ S'} 
is a map. Let 

A v ed :(ZT^L r v ed 

be the Gale dual of f3 ied . The element 6 G L^ d is a generic element in sense of 
f l5j §2], and 2l red = (N,/3 red ,$) is a stacky hyperplane arrangement in sense of 
m Definition 2.1], 

• {bi\i G S} are called the extended vectors. 


We prove that an extended stacky hyperplane arrangement 21 determines an ex¬ 
tended Lawrence stacky fan, hence a Lawrence toric DM stack Xg. The hypertoric 
DM stack Yg := is a closed substack of Xg. First we write down some diagrams of 
exact sequences from the extended stacky hyperplane arrangements: 

0 -» IX -> Z m -» Z m ~ n -> 0 


/Led 


P 


0 


G N 


G N 


G 0 


G 0. 


Taking Gale dual yields: 

o 4 - (z n ) v 4- (z m ) v 4- (z m ~ n y g 

/ v =(0^) 

- L v «- 


^ed 


0 G 


iL'red Y 


IX 


0. 


Considering the following diagram: 

0 < - (Z n ) v © (Z n ) v < - (Z n ) v 0 (Z n ) v 0 (Zl s l) v < - (Z m “ n ) v G 


0 G 


(Cd’-^ed) 


and taking Gale dual again: 

0 -> Z 2n 


(^ed 


L v 

G Z 2n+ I 5 l - 


Z ? ‘ 


G 0 


0 

0, 


Pl, red 

0 -> N l ———> N l -> 0 -» 0. 

For the map Pl ,™d : Z 2n gNj;, and the generic element 6 G L^ d , there is a Lawrence 
simplicial fan T,g constructed in [151 §2]. Hence we have an extended Lawrence stacky 
fan 

S l = (N l ,E 0 ,/3 l ,5) 

in Definition [2TT1 The Lawrence toric DM stack 

:= X Sl = [Ug/K] 

is defined in H2.ll Let C [z\, ■ ■ ■ , z n , w±, ■ ■ ■ , w n , u\, ■ ■ ■ , u^\] be the coordinate ring of 
c tv = C 2 n+|s|_ Let be the ideal 

(2.3) Igv := ^^(/3 r ^ d )*(x)i^'(Ui| x G L red ^ , 
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where (/3^ d )* is the map L re d —>• TP and (f3f ed )*(x)i is the i-th component of the vector 
(/^red)*( x )- Let Vq C Ug be the closed subvariety determined by the ideal in (12.31) . The 
hypertoric DM stack 

Y e = [V e /K] 


is a quotient stack. 


Proposition 2.3. The hypertoric DM stack Yg = Y& is isomorphic to the hypertoric 
DM stack lai ,, associated to its underlying stacky hyperplane arrangement 21 red defined 
in [ia §2], 


Proof. Any extended stacky hyperplane arrangement 21 has an underlying stacky hy¬ 
perplane arrangement 2l red by forgetting the extra data S. The hypertoric DM stack 
is defined by a stacky hyperplane arrangement in [H5l §2]. Since for extended stacky 
fans, the associated toric DM stack is isomorphic to the toric DM stack associated to 
its underlying stacky fan, see EH!, the hypertoric DM stack Yg = Y% associated an 
extended hyperplane arrangement is also isomorphic to the hypertoric DM stack 1% 
associated to its underlying stacky hyperplane arrangement. The difference is that 
there are more extra power of C x ’s modulo by the same rank of power of C x ’s. We 
omit the details. □ 


Hence the GIT data for hypertoric DM stack Yg consists of the following: 

• K = (C x ) r , a connected torus of rank r; 

• L = Hom(C x ,iC), the cocharacter lattice of K; 

• Di ,..., D n , — Di, ■ ■ ■ ,—D n ,D i,--- ,D|s| € L v = Hom(A', C x ), characters of 

K; 

• stability condition 0 £ L v <S> K. 

Remark 2.4. From a similar argument as in 112.11 given the GIT data of the hy¬ 
pertoric DM stack Yg, we can construct an extended stacky hyperplane arrangement 
21 = (N, f3, 9, S ), and vice versa. 

2.3. The wall crossing of hypertoric DM stacks. We prove that the single wall 
crossing of Lawrence toric DM stacks gives rise to the wall crossing of hypertoric DM 
stacks. 

Recall that the space L v <8> K. of stability conditions is divided into chambers by the 
closures of the sets Z/, \I\ = r — 1, and the Lawrence toric DM stack Xg depends on 9 
only via the chamber containing 9. For any stability condition 9, the set Ug contains 
the big torus T := (C X ) N . Thus for any two such stability conditions 9 1 , 02 there is a 
canonical birational map Xg, —» Xg 0 , induced by the identity transformation between 
T/K c X Sl and T/K c xf 

Let C+, C- be chambers in L v <g) M that are separated by a hyperplane wall W, 
so that W D C + is a facet of C + , W n C_ a facet of C_, and W D C + = W D C_. 
Choose stability conditions 9 + £ C + , 0_ £ C- satisfying (A1-A2) and set U + := Ug + , 
U- := Ug_ ,X + := X e+ , A_ := Xg_ , and 

At := A e± ={IC{1,2,...,N}:9±£Z I }. 

Then C± = fl/eA± Let ip: X + —-> X_ be the birational transformation induced 
by the toric wall-crossing from C+ to CL. Let e £ L denote the primitive lattice vector 
in IF 1 such that e is positive on C + and negative on CL. We fix the notations 
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• M_|_ := {i G {1, ■ ■ ■ , N}\Di ■ e > 0}, 

• M_ := {i G {1, ■ ■ ■ , N}\Di ■ e < 0}. 

• M 0 := {i G {1, • ■ ■ , N}\Di ■ e = 0}. 

From our construction of Lawrence toric DM stacks, |M+| = |M_|. 

Choose 9o from the relative interior of W n C+ = W D C- . The stability condition 
0o does not satisfy (A1-A2) on the GIT data, but consider 

A 0 := A 0o = {I C {1,..., N} : 0q G Z T } 

and the corresponding toric Artin stack Xq := Xg 0 = [Ug 0 /K]. Here Xq is not Deligne- 
Mumford, as the C x -subgroup of K corresponding to e G L (the defining equation of 
the wall W) has a fixed point in Uq := Ug 0 . The stack Xq contains both X+ and A_ 
as open substacks. 

The canonical line bundles of X + and X_ are given by the character — X^=i = 0 
of K. This means that Lawrence toric DM stacks are Calabi-Yau. There are canonical 
blow-down maps g± : X± —>• Xq, and Kx± = g±0^ ■ • We have a commutative diagram: 


(2.4) X 



So the birational map Lp is crepant, since f+(Kx + ) = f-{Kx-) are trivial. 

To construct X. consider the action of K x C x on dehned by the characters 

D \,..., Dx+ i of K x C x , where: 

Dj © 0 if j < N + 1 and Dj ■ e < 0 


Dj — < 


D, 


(—Dj • e) if j < N + 1 and Dj ■ e > 0 


0 ® 1 if j = N + 1 

Consider the chambers C+, C_, and C in (L® Z) v <8>1R that contain, respectively, the 
stability conditions 

0_l_ = (0+, 1) 9- = (Q-, 1) and 0 = (0o,—£) 


where e is a very small positive real number. Let X denote the toric DM stack dehned 
by the stability condition 6. We have, by [9l Lemma 6.16], that the toric DM stack 
corresponding to the chamber C± is X±. Furthermore, there is a commutative diagram 
as in m, where: f±: X —> X± are toric blow-ups, arising from the wall-crossing from 
C to C±. 

Now we take into account the ideal (|2.3D . We have the corresponding hypertoric DM 
stacks 

>± Y„, C X± 

and the hypertoric stack Yo C Xq determined by the ideal I^v in (12.31) . Let To be the 
coarse moduli space of To and let T C A be the substack determined by the ideal 7gv 
in (12.31) . 
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Proposition 2.5. We have the following diagram: 
(2.5) Y 



which gives the crepant transformation morphism of hypertoric DM stacks. 

Proof. The contractions G+,G- are constructed in |T71 §4], The maps F± are induced 
from the maps f± in (12.41) . The birational map cf is crepant since Y± are Calabi-Yau 
stacks. □ 

Example 2.6. We consider the following GIT data: 

• K = C x ; 

. D 1 = (1 ),D 2 = (2 ),D 3 (= (-1 ),D 4 = (-2) G L v = Honr(i\,C x ) = Z; 

• stability conditions 9 + = (1 ),0~ = (—1) 6 L v ® R. 

We can easily construct the Lawrence toric DM stacks 

X± = C ) p(i,2)( — 1) © C ) p( li 2)(—2). 

The crepant transformation ip : X + AT is an Atiyah type flop. 

We have the stacky hyperplane arrangements 2l± = (N, /3±,9±), where (3± : Z 2 —>• N 
is the Gale dual of : 1? —>• L v determined by {Di, D 2 , D 3l D^}. The corresponding 
hypertoric DM stacks 

Y± = T*P(1,2). 

The crepant birational map <f : Y + --■» YL is a Mukai type flop. 

3. The Fourier-Mukai transformation 

3.1. The T := T x C x -action on X± and Y±. From the construction of Lawrence 
toric DM stacks X± and hypertoric DM stacks Y± in (J2] there is a torus T := T x C x 
action, where T = (C x ) m . Since U± C C 2n x the action T acts on U± by the 
standard action which is given by 

(Aj, • • • , A n , A n _|_i, • , A m )(zi, • • • ,z n ,w i, • • • 

— (Ai^i, ; A n z nj Aj rci, j A n w n , A n _|_iuj, , AmU-i^i), 

the extra C x acts by scaling the fibre of T*C n . We consider the T-action on X induced 
from the inclusion T = (C x ) m+1 x {1} C T x C x and the T x C x action on X. 

The T-fixed points on X± and Y± are isolated, and in one-to-one correspondence 
with the minimal anticones G A±. Using the correspondence between anticones and 
cones in the Lawrence toric fan the torus fixed points are given by top dimensional 
cones in the fan. The torus fixed points all lie in the core of X± and Y±, which are the 
closed projective substacks inside X± and Y±. 
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3.2. The T-equivariant K-theory of X±, Y± and the Fourier-Mukai transfor¬ 
mation. 

3.2.1. Equivariant K-theory. Let K^(X±), Kj(Y±) be the T-equivariant Grothendieck 
K-groups of coherent sheaves. They are modules over Kj(pt), the ring Z[T] of regular 
functions on the torus T. 

For the Lawrence toric DM stack Xg for a stability condition 9 £ L v (g> M, the T- 
equivariant divisor {zi = 0}, {raj = 0} or {uj} = 0 for 1 < i < n, 1 < j < |5| on Xg 
determine T-equivariant line bundles Ri over Xg for 1 < i < N. We denote by Ri the 
equivalent classes of such line bundles. Similar construction works for the toric DM 
stack X. We fix notation for T-equivariant line bundles for X± and X. 

Rf,--- ,R%eK%(x ± ), 

and 

Ri,-" j Rn, R-n+i G Kj(X). 

Fix notations of their inverses: 

S+:=(R+)~\ S--.= (Rjr\ Sj = Rf 1 - 

Let h be the T-equivariant line bundle over X± defined by the extra C x inT = TxC x . 

Let Xg be a Lawrence toric DM stack corresponding to a stability condition 9. Each 
character p £ Hom(/\, C x ) = L v defines a line bundle L(p) Xg: 

L(p) = Ug x C/(z,v) ~ (g ■ z,p(g) ■ v),g € K. 

The line bundle L(p) is equipped with the T-action \z,v] 4 [bz,v],l G T as in [9> 
§6.3.2], So it defines an element in Kj(Xg). The line bundles Rf is: 

Rf = L±(Di ) <g) e Ai , 1 <i <n, 

Rf = L±{Di) ® e x ~ Xi ,n + 1 < i < 2 n, 

and 

Rf = L±(Di ) <g) e Ai , 2n + 1 < i < N. 

where e Xi £ C[T] stands for the irreducible T-representation given by the i-th com¬ 
ponent T —> C x . Since T = (C x ) m x C x = (C x ) m+1 , we use A to represent the 
m + 1-equivariant parameter A m+ i. 

For (p,n) £ L v © Z, the T-equivariant line bundle L(p,n) —> X is similarly defined, 
and we have: 

Ri = L(Di) <g> e Ai , 1 <i<N 

as above, and 

R-m+i = L(D n+ i) = L( 0,1). 

As in [U §6.3.2], the classes L±(p), (p £ L v ) generate the equivariant K-group Kj(X±), 
and the classes {L(p,n)\(p,n) £ L v © Z} generate the equivariant K-group Kj(X). 
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3.2.2. Localized K-theory basis. Let <5_ £ A _ be a minimal anticone, xs_ be the T-fixed 
point on X_, and 

is _ : xs_ —y X _ 

be the inclusion. Denote by G$__ the isotropy group of x$_- Then xs_ = BG$_. From 
B §6-3.2], 

R r = 1, for i £ 5_. 

A localized basis of Kj(X-), after inverting the non-zero elements of Z[T], is given by: 
(3.1) 

{(*5_)*£ : Q an irreducible representation of G$_,5- £ A- a minimal anticone}. 

By Koszul complex the structure sheaf O xs is given by 

<*. ■— n o— s . _ ). 

10 - 

Since the irreducible representation of G$_ is given by the T-linearization on 
Choosing a lift g £ Hom(iL, C x ) = L v for each G $_-representation g : G$_ -A C x , then 

es-, e ■= L-(g) • JJ (1 -5f). 

i0- 

Similarly, {e^ ^,} is a basis for the localized T-equivariant K-theory Kj(X + ). 


3.2.3. Fourier-Mukai transformation. In [9] §6.3.3], the authors calculate the Fourier- 
Mukai transformation for the localized T-equivariant K-theory K±(X±). 

Proposition 3.1 ([9j, Theorem 6.19). 


(1) If 5- £ A- is a minimal anticone such that 5- £ A+, then 

FM(ej_, P ) = e s+}P , 

where <5 + = 5 _ is the same anticone, but taken as in A+; 

(2) If 5- £ A-, but 5- A+, then FM(ej_, e ) is equal to 




£ 

ier 


—% ■ L + (g)t*- e ■ n (1-5+)- n (1 -t- Di «S+) 


1 -t 


\ 


30- 

Dj-e< 0 


i0- 

Di-e>0 




where j- is the unique element of 5- such that Dj_ ■ e < 0, l = —Dj_ ■ e and 


T = 


{c ■ : C e w} • 


3.3. The T-equivariant K-theory Kj(Y±) of hypertoric DM stacks. Let 

i± : Y± ^ X± 

be the inclusion of hypertoric DM stacks Y± to their associated Lawrence toric DM 
stacks X±. 

Lemma 3.2. The pullback 

4 : K°(X±) 0 K%(Y±) 

is an isomorphism on the T-equivariant K-theory. 
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Proof. This is from Em Theorem 5.4]. On the other hand, one can directly calcu¬ 
late that the equivariant K-theory groups Kj(Y±) are also generated by line bundles 
R±, • ■ ■ , R^f modulo the same relations as in the Lawrence toric DM stack case. □ 


Remark 3.3. Let h be the T-equivariant line bundle over X± given by the extra factor 
C x in T = T x C x . For the Lawrence toric DM stacks X±, 


Kt(X±) = 


i + j 


where 

I = Kq ' • • R? k \{iu-,ik} i A±} 

is the ideal generated by the products for subsets {i\, ■ ■ ■ ,ik} not lying in the set of 
anticones; and 

J = {Rf-(h-(R± +i )- 1 )\l<i<n} 
is the ideal generated by the relation of the line bundles Rf and R± +i - 


To study the Fourier-Mukai transformation of the crepant birational map <j) : Y+ ---> 
Y_, we set up the following diagram: 



We denote by <F := FM the equivariant Fourier-Mukai transformation for X±. The 
Fourier-Mukai transformation 

* : K°(Y_) ^ K°(Y + ) 

is given by: 

E^f(F) = (F + )*Fl(E). 


Proposition 3.4. There is a commutative diagram of T-equivariant K-theory groups: 


K°(X_) -*+ K°(X + ) 

L*_ Cj_ 

K°(Y_)-^K°(Y + ) 

which implies that T is an isomorphism on K-theory groups. 


Proof. This is similar to [9] Lemma 7.7]. The difference here is that by Proposition [3721 
the pullbacks are isomorphisms. Then we directly check the commutative diagram 
using for any element E £ Kj(X_), 

4o$(T)=4o((/ + )*/!(F)) 

= (F + ) ir o7*off(E) 

= (7 + )*oFo7(fi) 

= To ?_{E). 
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□ 


The torus T-fixed points of Y± are the same as the torus T-hxed points of X±, which 
all lie in the core. The localized K-theory basis of Kj(Y±) are also generated by the 
minimal anticones G A±. Let <5_ G A- be a minimal anticone. Then 

is_ : xs_ ^ Y- C X_ 

is the inclusion of the fixed point x$_. For each p G L v , it also defines a line bundle 

l)s (p) = V- x C/K, 

which is the pullback i k _L_{p) of L_(p) on X_. From now on we denote by L_{p) the 
line bundle on Y- determined by p G L v . 

Set 

es~ e :=£-(?)■ 

i<£5_ 

where g G L v is the lift of g. Then {e^~ is a basis for the localized T-equivariant 
K-theory of Yl. Similarly we have a localized T-equivariant K-theory basis {e] + e } of 

Y+. 

Proposition 3.5 (Fourier-Mukai transformation for hypertoric DM stacks). 


(1) If 6- G A- is a minimal anticone such that 5- G A+, then 

,p) &5+,pi 

where <5 + = 5 _ is the same anticone, but taken as in A+; 

(2) If 6- G A-, but (L. A+, then ^>(es_ ie ) is equal to 




t&r 


1 % ■ L + (g)tY e ■ n (1 -5+)- n (1 -t~ D *-*S+) 

Dj-e< 0 Di-e> 0 


1 ~t~ 


where j_ is the unique element of 5- such that Dj_ ■ e < 0, l = —Dj ■ e and 

T={c-(<) 1 / ‘:(ew}. 


Proof. This result is from Proposition 13.41 and the Fourier-Mukai transformation for¬ 
mula <F in Proposition 13. II □ 


4. Analytic continuation of the quantum connection 

In this section we prove that the Fourier-Mukai transformation T : Kj(Y_) —> 
K^,(Y+) matches the analytic continuation of quantum connections for Y±, hence the 
monodromy conjecture. 

4.1. Equivariant quantum cohomology. This section serves as a general introduc¬ 
tion to equivariant quantum cohomology. We fix a smooth DM stack X with the torus 
T-action. 
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4.1.1. The T -equivariant quantum cohomology. The moduli stack M.Q yTl {X, d ) of degree 
d G H 2 (X,Q) twisted stable maps to X carries a T-action, and a virtual fundamental 
cycle \Mo, n (X, d)] virt G H^ t j(Mo, n (X, d)). There are T-equivariant evaluation rriapfO: 

evj : Mo, n (X,d) -7 IX 
to the inertia stack IX of X for 1 < i < n, see 0, Hi- 


Given 7i,...,7„. G Hg R j(X), we consider the following genus 0 T-equivariant 
Gromov-Witten invariant: 


( 71 ) " ' > 7 n) 


X 

0 ,n,d 




n e <7. 


The moduli stack Ado n (X,d) has components indexed by the components of the 
inertia stack IX. We write 

IX = U X, 

/SB 

for the decomposition of IX into connected components, where B is the index set. 
Then the component Ado,n(Af, d) 41 ’is the one which under evaluation maps evj, 
the images lie in the component Xf i . The virtual dimension of Ado,n(Af, d) 41 ’ is: 

(4.1) - I<x ■ d + dirn(X) + n - 3 - E age(Xf i ). 

i 

If X is not compact (like our Lawrence and hypertoric DM stacks), then the moduli 
stack A4o, n (-T, d) is non-compact. There is a T-action on Ado > n (X,d). Assume that 
the T-fixed locus Xio >n (X,d) T is compact, then T-equivariant GW invariants can be 
defined in the same way, replacing equivariant integration by equivariant residues. 

Let NE(X) c H 2 (X, R) be the cone generated by classes of effective curves and set 
NE(X) Z := {d € H 2 {X,Z) : d G NE(X)}. 

Let Rj := Hj(pt) and /?t[Q] the formal power series ring 

MQi = l E a ^ d: a d e R 

[d6 NE(Y) Z 

so that Q is a so-called Novikov variable (see e.g. [L9], III 5.2.1]). For 777 ^,t G 
H^. r j(X), the big T-equivariant quantum product is defined by: 

( 4 - 2 ) (7* *t Tj, Ik) = E E Q d (7*, 7j, ^0,71+34 

dGNE(X) z n>0 n 

The small T-equivariant quantum product is defined by putting n = 0: 

( 4 -3) (7* hm TjiTk) = E Q d (7t,7j,7fc)?3,d 

dGNE(X) z 

or 

7i hm 7/ = E ^ ' inv * ' ev 3,*( ev i(7i) ev2(7j) n [Ad 0 ,3p^, d)] virt ) 

dGNEpOz 

* We ignore the issue of trivializing the marked gerbes in our moduli problem. A detailed discussion 
on this can be found in T], 
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where inv : IX —>• IX denotes the involution sending (x,g) H > (x,g _1 ), for x G 
X, g G Aut(x). The big quantum product satisfies the associativity property and 
makes -ffcinrPO ®-Rt[Q] a ring, which is called the equivariant quantum cohomology 
ring. 


We briefly review the Givental’s formalism about the orbifold Gromov-Witten in¬ 
variants in terms of the Lagrangian cone in certain symplectic vector space, see |9j. 
Let 

H{X) := H* IR>T (X,C) © Rt StKC^MQ], 
equipped the non-degenerate Sj [Q]-bilinear symplectic form 

tt(f,g) ■= Res z =o(f(-z), g{z)) C B.dz, 

where (—, — )cr is the orbifold Poincare pairing. Here Sj is the localization ring of Rj 
with respect to the multiplicative set of nonzero homogeneous elements in Rf. Let 

n+ := H* crJ (X) ® Rt S t [z}IQI h := z~ 1 H* crJ {X) © Rt StMIQ]. 

Then H{X) = H + © %_ and one can think of R(X) = T*(H + ). The genus zero 
descendant Gromov-Witten potential is a formal function : ( H + ,—z ) —> St[Q] 
defined on the formal neighbourhood of — z in H + and taking values in Sj [Q]: 

00 nd 

X° x (-zl + t{z)) = A(A))o,n,ti¬ 

de NE(A) Z n =0 


Here t (z) = Y, C ^=o t nZ n with t n G H* R ^(X) ® Rj St[<2]. 

Givental’s Lagrangian cone C x is the graph of the differential more explicitly, 
Cx ■■= {(p, q) g R- © H+\p = d q X° x } c n. 


Tautological equations for genus 0 Gromov-Witten invariants imply that C x is a cone 
ruled by a finite dimensional family of affine subspaces. A particularly important 
finite-dimensional slice of C x is the J-function: 


Q a 


j x (t, z) = iz+t + 2^2^—(t, 

n,d 


. YCL \ ic 

••? *> -7/0,n+l,d<P 

Z — 'Ip 


where {</>«}, {fi a } C H^, rT (X ) are additive bases dual to each other under (—, — )cr- 


4.1.2. Quantum connection. We fix a homogeneous basis 

<&),••• Ar 

for the T-equivariant Chen-Ruan cohomology Hf RT (X±) = H^ rJ (Y±). Let 


be the corresponding dual co-ordinates. The equivariant quantum connection is the 
operator 


V* : H* crJ (X)[z] © Rt[Q1[t u , ■ ■ ■ ,r R ] -a H* crJ (X)[z] © RtIQW 




dehned by: 

where <f>* — stands for the big quantum product. 


d 1,, . 

V* — TT7 + * —), 

OT l Z 
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We return to the Lawrence toric DM stacks X±, and the hypertoric DM stacks Y±. 
By m Proposition 6.4], the pullback equate GW invariants of X± and Y±. It 
follows that for <ft € Hf RT (X±), we have an equality of operators: 

< i>*t = ^±( 0 ) *i* ± t ■ 


So 


4v 


X± 



4.2. The Analytic continuation. 


4.2.1. I-functions of X± and Y±. Recall that in §5.3], the global extended Kahler 
moduli space is a universal cover of space Ai, where A4 is the toric variety of the 
GKZ-fan on L v (g> R. The GKZ-fan is given by the chamber structures on L v <S) R. The 
rank rk(L v ) = r. 

Our wall W = C+ 0 C_, where C± are cones of L v <g> R. The two torus fixed points 
P + and P_ corresponding to C + and C_ are called the large radius limit points. The 
two toric DM stacks X± are called the mirrors corresponding to these two points. The 
hypertoric DM stacks Y± have the same LG-mirrors as X±, and the toric variety Ai 
is also the global extended Kahler moduli space corresponding to Y±. 

Let 

e± := dlm(H' 2 (X±,R)) =* dim(H 2 {Y±, R)) = r - #( 5 ±). 

Recall that the wall W has rank r — 1. The lattice L v has the bases for both X± and 
Y±. We order the bases 

{PiV" ,pt + }U{Dj -3 € S + } = ' ,P+_i,P+} 

{pfr ■ ■ ,Pf_} u {Dj ■■ j € S-} = {pf, - - - , P7_ l5 Pr } 

in such a way that p+ = pf € W for i = 1 , • ■ ■ , r — 1 and p± be the unique vector that 
does not lie on the wall W. Let 


{Vi,Xj : 1 <i <t+J G S + } = {yi, - - - , y r } 
{Vi,Xj : 1 <i <i+,j 6 S_} = {yl, ‘ ‘ ‘ ,Yr} 
be the corresponding reordering coordinates of A4. Then 

Yi ■ Y?, 1 < i < r — 1\ 


Yi = 


i = r 


for some c* € Q, c € Q>o- 
For d € JL ® Q, we write 

d = d+ '^2 (Dj-d)£j 

j£S± 

where d is the (X± , R)-component of d. The H*, R T (A±)-valued hypergeometric 
series I±(y,z) <E H* rJ (X ± ) ® Rj R T ((z _1 ))[Q, o- ± , x] is: 


(4.4) 


where 


I±(y,z) ■= e 


— yttA 


d I Yla:(a)=(Dj-d),a<oi U j az ) 

deK ± V7=1 Uo,(o.)=(D :r d),a<D r d( U J + az ) 


L M 


K± = {/ G L (g) Q : {i € [m] : Di ■ f <E Z} G A±}; 
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• o-± = MEL 1 P t log(yi) + co(A)) = Efci 8±(pf) log Vi - Ejes± x j ' lo g^ + 
Co (A), where 

e± : L v ® C -A ifftXfc, C); 0±(A) = «i - Aj, 


and m is the cohomology class in //|(/T±, C) Poincare dual to the divisor classes 
{zi = 0}, {u>i} = 0, or {uj = 0}. Note that Uj = 0 if j € S. 


y d = v?"‘-v?- d = ii£iv?"‘n 


Djd 
j£S± x j ■ 


The /-functions I±(y,z) lie on the Givental’s Lagrangian cone Cx± determined by 
genus zero Gromov-Witten invariants. From [9j, the /-functions I±(y,z) are analytic 
in the last variable y r and we do analytic continuation in terms of y r . 

In view of m Proposition 6.4], we may identifjQ the cones Cy± with the cones 
Cx ± ■ We simply define the /-functions I Y± (y,z) for Y± to be the /-functions I±(y,z). 
Certainly they determine the cones £y±- 


4.2.2. The analytic continuation. Introduce the following modified Givental’s spaces: 

nX±) = H* R)T (X±) [log^]((^- 1 / fe )) 

and 

U(Y ± ) = H* crJ (Y ± ) ® Rt [log ^]((^“ 1/fc )) 

where k € N is an integer such that /c/E have integer eigenvalues for the grading 
operators /E in |9[ §2], 

Proposition 4.1 ([[9], §6.2.4). There is a symplectic transformation 

U x : U{X-) -A H(X+) 
such that Ux(/-(y, z)) = I + (y, z). 

Proof. In [9[ Theorem 6.13], the authors explicitly calculate the analytic continuation 
of the .//-function, then the analytic continuation of the /-function in J9[ §6.2.4], □ 

Our main result for Y± is as follows: 

Theorem 4.2. There exists the following diagram: 


Kt(X-) -—-- *?(*+) 



2 Since Y± C X± is a complete intersection and the normal bundle N Y± /x ± is trivial, this is just a 
simple example of orbifold quantum Riemann-Roch in genus 0 [22] . 
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where 

f± : K%{X±) -»■ U(X±) 

is defined by the T±(X±)-classes in Definition 3.1 o/ [9], and 

: Kj{Y±) -A H{Y±) 

is defined by replacing the T±(X±)-classes by the T±(Y±)-classes. The map 

Uy : U{Y_) -> H(Y+) 

is a symplectic transformation on Givental’s space for Y±. Moreover, 

(1) V Y (i Y -(y,z)) = i Y +(y,z); 

(2) The upper square is a commutative diagram, which implies that the Fourier- 
Mukai transformation $ matches the analytic continuation Ux via the T- 
integral structure; 

(3) The bottom square is also commutative, which implies that the Fourier-Mukai 
transformation 'I' matches the analytic continuation Uy via the T-integral struc¬ 
ture. 

Proof. The proof is from < 34.2.11 and §7.3, §7.4, §7.5]. The difference here is that we 
can work on T-equivariant K-theory and Chen-Ruan cohomology, not like [9] §7] in the 
non-equivariant setting, but the calculation is the same. □ 

Remark 4.3. On the Kahler moduli space A4. the Fourier-Mukai transformation T is 
an equivalence 

T : D\Y _) -> D\Y + ) (R°(U_) 4 K°(Y + )). 

From [9, §6.5], the Fourier-Mukai transformation T corresponds to a path 7 from the 
large radius point of Y1 to the large radius point of Y + inside M.. Let 

T' := FM' = : K%(Y + ) 4 Kj(Y_) 

be the Fourier-Mukai transformation on the other side. Then f'of yields a loop in 
7 Ti(A 4 ), which gives rise to an automorphism of the K -theory group by 

(4.5) p : 7 ri(A 4 ) —>■ Aut(ifr(YL)). 

On the other hand, the analytic continuation 

Uy : U(Y _) ->■ U{Y + ) 

is given along a path 7 in Figure 3 of [9], and hence also gives a loop of 77 (M) in 
(14.51) . Since the /-function I±(Y±) determines the quantum connection, the above 
monodromy is the monodromy of the quantum connections. Theorem 14.21 says that 
these two monodromies are the same, hence the monodromy conjecture in [4]. 
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